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GALOIS REPRESENTATIONS ON THE COHOMOLOGY OF
HYPER-KA¨HLER VARIETIES
by
Salvatore Floccari
Abstract. — We show that the Andre´ motive of a hyper-Ka¨hler variety X over a
field K ⊂ C with b2(X) > 3 is governed by its component in degree 2. More precisely
we prove that if X1 and X2 are deformation equivalent hyper-Ka¨hler varieties with
b2(Xi) > 3 and if there exists a Hodge isometry f : H2(X1,Q) → H2(X2,Q), then
the Andre´ motives of X1 and X2 are isomorphic after a finite extension of K. As a
consequence, the Galois representations on the e´tale cohomology of X1 and X2 are
isomorphic as well. We prove a similar result for varieties over a finite field which can
be lifted to hyper-Ka¨hler varieties for which the Mumford–Tate conjecture is true.
1. Introduction
A guiding principle in the study of hyper-Ka¨hler manifolds is that many of their
geometric properties are governed by their cohomology in degree 2. Perhaps the
most spectacular illustration of this principle is the global Torelli theorem due to
Huybrechts, Markman and Verbitsky, which roughly says that a hyper-Ka¨hler mani-
fold X can be recovered up to birational isomorphism from the integral Hodge struc-
ture H2(X,Z).
As another example, it is known that the total Hodge structure on the rational
singular cohomology H∗X := H
∗(X,Q) is determined by the Hodge structure on H2X .
This fact is a consequence of the properties of the Looijenga-Lunts-Verbitsky Lie
algebra that was introduced in [LL97] and [Ver96]; a complete proof of this result has
been given by Soldatenkov in [Sol19b].
Let now K ⊂ C be a subfield which is finitely generated over Q and let X be
a hyper-Ka¨hler variety over K. We fix a prime number ℓ and consider the e´tale
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cohomology groups H∗X,ℓ := H
∗
e´t(XK¯ ,Qℓ) of X . It is then natural to ask whether
the Galois representation on the ℓ-adic cohomology H∗X,ℓ of X is determined by its
restriction to H2X,ℓ. Going even further, we may ask the analogous question at the
level of motives - however, in this setting the existence of Ku¨nneth components is
not known and hence it does not make sense to speak of the degree 2 component of
the motive of the variety X . To circumvent this difficulty, we will work with Andre´’s
category of motives [And96b].
We prove that, up to a finite field extension of the base field, the total Andre´ motive
H∗(X) =
⊕
j H
j(X) of a hyper-Ka¨hler variety X is governed by its component in
degree 2. In what follows we say that two hyper-Ka¨hler varieties X1 and X2 over a
field K ⊂ C are deformation equivalent if the complex varieties X1,C and X2,C are
deformation equivalent in the analytic sense. We let H∗Xi :=
⊕
j H
j(Xi,C,Q).
Theorem 1.1 (= Theorem 4.13). — Let X1, X2 be deformation equivalent hyper-
Ka¨hler varieties with b2(Xi) > 3 over a field K ⊂ C. Assume that there exists a
Hodge isometry f : H2X1 → H
2
X2
. Then, there exist a finite field extension K ′/K and
an isomorphism of graded algebras F : H∗X1 → H
∗
X2
which is the realization of an
isomorphism of Andre´ motives H∗X1,K′ → H
∗
X2,K′
over K ′.
In particular, F is an isomorphism of Hodge structures. As a consequence we
obtain the following result about the Galois representations on the e´tale cohomology.
Corollary 1.2 (=Corollary 4.14). — Let K ⊂ C be a subfield which is finitely
generated over Q and let X1, X2 be deformation equivalent hyper-Ka¨hler varieties
over K such that b2(Xi) > 3. Assume that there exists a Gal(K¯/K)-equivariant
isometry f : H2X1,ℓ → H
2
X2,ℓ
. Then, there exist a finite field extension K ′/K and a
Gal(K¯/K ′)-equivariant isomorphism of graded algebras F : H∗X1,ℓ → H
∗
X2,ℓ
.
The corollary is the ℓ-adic counterpart of the Hodge theoretic result from [Sol19b].
This is not surprising: if the Mumford–Tate conjecture were true, the corollary would
be a direct consequence of its analogue in Hodge theory. Even though the Mumford–
Tate conjecture is not known for arbitrary hyper-Ka¨hler varieties, in [FFZ19] we
established that it is true for all hyper-Ka¨hler varieties of known deformation type. If
we assume that the Mumford–Tate conjecture holds, we obtain a more precise result
on the Galois representationsH∗Xi,ℓ . Let us say that two hyper-Ka¨hler varietiesX1 and
X2 areH
∗
ℓ -equivalent if there exists an isomorphism of graded algebrasH
∗
X1,ℓ
∼= H∗X2,ℓ
which restricts to an isometryH2X1,ℓ
∼= H2X2,ℓ with respect to the Beauville-Bogomolov
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pairings. If X1 and X2 are deformation equivalent then they are H
∗
ℓ -equivalent as
well, since in this case X1,C and X2,C are homeomorphic.
Theorem 1.3 (= Theorem 3.9). — Let K1,K2 be subfields of C, finitely generated
over Q, and let Xi be a hyper-Ka¨hler variety over Ki, for i = 1, 2. Assume that X1 and
X2 are H
∗
ℓ -equivalent, and that the Mumford–Tate conjecture holds for both of them.
Let Γ ⊂ Gal(K¯1/K1) be a subgroup, let ǫ : Γ → Gal(K¯2/K2) be a homomorphism; Γ
acts on H∗X1,ℓ via its inclusion into Gal(K¯1/K1) and on H
∗
X2,ℓ
via ǫ. Assume that
there exists a Γ-equivariant isometry f : H2X1,ℓ → H
2
X2,ℓ
. Then, there exist a subgroup
Γ′ ⊂ Γ of finite index and an isomorphism F : H∗X1,ℓ → H
∗
X2,ℓ
of graded algebras
which is Γ′-equivariant.
This result leads to similar conclusions for hyper-Ka¨hler varieties over finite fields.
The study of such varieties is still in its early stages: besides K3 surfaces, it is not
clear how to define these objects (but a possible definition is proposed in [FL18]).
Despite this, certain higher dimensional moduli spaces of sheaves on K3 surfaces play
a key role in Charles’s proof of the Tate conjecture for K3 surfaces [Cha16] over finite
fields; other examples of hyper-Ka¨hler varieties over finite fields can be obtained from
moduli spaces of sheaves on abelian surfaces [FL18]. All these varieties can be lifted
to some hyper-Ka¨hler variety in characteristic 0. We will therefore consider smooth
and projective varieties over finite fields which can be lifted to a hyper-Ka¨hler variety
in characteristic 0; see §3.11 for the precise definition. The recent article [Yan19]
shows that this approach yields at least a good notion of varieties of K3[n]-type.
Let k be a finite field and let ℓ be a prime number invertible in k. For a smooth
and projective variety Z over k, we let H∗Z,ℓ := H
∗
e´t(Zk¯,Qℓ); if Z can be lifted to
a hyper-Ka¨hler variety in characteristic 0 then the second cohomology group H2Z,ℓ
inherits a non-degenerate Qℓ-valued symmetric bilinear pairing, see Remark 3.12.
Theorem 1.4 (= Theorem 3.13). — Let Z1, Z2 be smooth projective varieties
over k such that there exist H∗ℓ -equivalent hyper-Ka¨hler varieties X1, X2 in charac-
teritic 0 which lift Z1 and Z2 respectively. Assume that the Mumford–Tate conjec-
ture holds for both X1 and X2 and that there exists a Gal(k¯/k)-equivariant isometry
f : H2Z1,ℓ → H
2
Z2,ℓ
. Then, there exist a finite field extension k′ of k and a Gal(k¯/k′)-
equivariant isomorphism of graded algebras F : H∗Z1,ℓ → H
∗
Z2,ℓ
.
In particular Z1,k′ and Z2,k′ have the same zeta function. In the special case
when Z1 and Z2 are moduli spaces of stable sheaves on K3 surfaces over k the above
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statement has already been proven by Frei in [Fre20] via a different method, which
uses Markman’s results from [Mar08].
The structure of this article is reversed with respect to the order of the introduction.
Namely, after reviewing in §2 the construction of the Looijenga-Lunts-Verbitsky (LLV)
Lie algebra, we use the properties of this Lie algebra to prove Theorems 1.3 and 1.4
in §3. We then introduce Andre´ motives and prove Theorem 1.1 and Corollary 1.2
in §4. These results rely fundamentally on the defect groups of hyper-Ka¨hler varieties
introduced in [FFZ19] with Lie Fu and Ziyu Zhang.
Notation and conventions. — By a hyper-Ka¨hler variety over a subfield K of
C we mean a smooth and projective variety X over K such that X(C) is a complex
hyper-Ka¨hler manifold, i.e. it is simply connected andH0(X(C),Ω2) is spanned by the
cohomology class of a nowhere degenerate holomorphic 2-form. If X1, X2 are hyper-
Ka¨hler varieties over subfields K1,K2 ⊂ C respectively, we say that X1 and X2 are
deformation equivalent if the complex manifolds X1(C) and X2(C) are deformation
equivalent (in the analytic sense). For a smooth and projective variety X over a
subfield K ⊂ C we use the notation HjX := H
j(X(C),Q) and HjX,ℓ := H
j
e´t(XK¯ ,Qℓ),
where K¯ ⊂ C is the algebraic closure of K in C and ℓ is a prime number.
Aknowledgements. — I am most grateful to Ben Moonen and Arne Smeets for
their help and encouragement. I also wish to thank Lie Fu for many useful discussions
around the topics of this paper.
2. The LLV-Lie algebra
2.1. — In this section, we let X be a complex hyper-Ka¨hler variety of dimension 2n.
We let H∗X :=
⊕
j H
j(X,Q); the second cohomology group H2X is equipped with the
Beauville-Bogomolov pairing q, a non-degenerate symmetric bilinear form, see [Bea83,
The´ore`me 5]. We define the Mukai extension of the quadratic space (H2X , q) as the
vector space H˜2X := Q · v ⊕ H
2
X ⊕ Q · w, equipped with the pairing
q˜
(
(av, b, cw), (a′v, b′, c′w)
)
= q(b, b′)− ac′ − a′c.
2.2. — Given x ∈ H2X , let Lx : H
∗
X → H
∗+2
X be given by cup-product with x. We say
that x has the Lefschetz property if the maps Lkx : H
2n−k
X → H
2n+k
X are isomorphisms
for all k > 0. Let θ denote the endomorphism of the cohomology which acts on HjX as
multiplication by j − 2n. It is well-known that the class x has the Lefschetz property
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if and only if there exists Λx : H
∗
X → H
∗−2
X such that (Lx, θ,Λx) is an sl2-triple,
meaning that we have
[θ, Lx] = 2Lx, [θ,Λx] = −2Λx, [Lx,Λx] = θ.
If it exists, Λx is uniquely determined, see [GGK
+68, Expose´ X]. The subset of x ∈ H2X
with the Lefschetz property is Zariski open in H2X , and the first Chern class of an
ample divisor on X has the Lefschetz property by the Hard Lefschetz theorem.
Definition 2.3. — The LLV-Lie algebra g(X) of X is the Lie subalgebra of gl(H∗X)
generated by all sl2-triples (Lx, θ,Λx) for x ∈ H2X with the Lefschetz property. We let
g0(X) ⊂ g(X) denote the centralizer of the semisimple element θ.
In other words, g0(X) consists of those endomorphisms in g(X) whose action on
H∗X preserve the grading.
The LLV-Lie algebras of hyper-Ka¨hler varieties have been fully described.
Theorem 2.4 ([Ver96], [LL97]). — (a) There exists a unique isomorphism of
Q-Lie algebras
ϕ : g(X)
∼
−−→ so(H˜2X , q˜),
such that
– ϕ(θ) vanishes on H2X , ϕ(θ)(v) = −2v and ϕ(θ)(w) = 2w, and
– for any x ∈ H2X with the Lefschetz property, we have ϕ(Lx)(v) = x,
ϕ(Lx)(w) = 0 and ϕ(Lx)(y) = q(x, y) · w, for all y ∈ H
2
X .
(b) The isomorphism ϕ restricts to an isomorphism
g0(X) ∼= so(H
2
X , q)⊕Q · ϕ(θ);
the induced representation of so(H2X , q
)
on H2X is the standard representation.
For later use, we note the following functoriality property of the LLV-construction.
Lemma 2.5. — Let X1 and X2 be hyper-Ka¨hler varieties and let F : H
∗
X1
→ H∗X2 be
an isomorphism of graded algebras. Then the induced isomorphism F∗ : GL(H
∗
X1
)→
GL(H∗X2) given by A 7→ FAF
−1 restricts to an isomorphism g(X1)→ g(X2).
Proof. — Let x ∈ H2X1 be an element with the Lefschetz property, and consider the
corresponding sl2-triple (Lx, θX1 ,Λx). Then (FLxF
−1, F θX1F
−1, FΛxF
−1) is again
an sl2-triple; moreover, since F is an isomorphism of graded algebras it is immediate
to check that FLxF
−1 = LF (x) and FθX1F
−1 = θX2 . Further, F (x) has the Lefschetz
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property as well, and it follows that F∗(Λx) = ΛF (x). Since the Lie algebra g(X1) is
generated by the sl2-triples (Lx, θX1 ,Λx) as above, this concludes the proof.
Remark 2.6. — Together with Theorem 2.4, Lemma 2.5 implies that any linear
isomorphism f : H2X1 → H
2
X2
which extends to an isomorphismH∗X1 → H
∗
X2
of graded
algebras induces an isomorphism f∗ : so(H
2
X1
)→ so(H2X2). This fact can be seen as a
consequence of Fujiki’s relation, which gives positive rational constants λi, for i = 1, 2,
such that q(α, α)n = λi
∫
Xi
α2n for any α ∈ H2Xi , see [Huy99, §1.11].
2.7. — We let G(X) be the semisimple simply connected algebraic group with Lie
algebra g(X), and let G0(X) ⊂ G(X) be the unique connected subgroup with Lie
algebra g0(X). By Theorem 2.4 we have an isomorphism
ϕ˜ : G(X)
∼
−−→ Spin(H˜2X , q˜).
Let U := 〈v, w〉, equipped with the restriction of q˜. Since H˜2X = H
2
X ⊕U , we can view
Spin(H2X , q) and Spin(U) as algebraic subgroups of Spin(H˜
2
X , q˜). We have Spin(U)
∼=
Gm, and the Lie algebra of Spin(U) ⊂ Spin(H˜2X , q˜) isQ·ϕ(θ). Moreover, Spin(H
2
X , q)∩
Spin(U) = {±1}. We conclude that ϕ˜ restricts to an isomorphism
ϕ˜ : G0(X)
∼
−−→ CSpin(H2X , q) = Spin(H
2
X , q) · Spin(U).
The above assertions are checked as follows. With respect to the basis {v,−w2 },
the matrix of q˜|U is
(
0 1/2
1/2 0
)
. Let Cl(U) be the Clifford algebra on U . Then Cl(U) is
identified with the algebra of 2 by 2 matrices with coefficients in Q; an isomorphism
is given by
v 7→
(
0 0
1 0
)
, −
w
2
7→
(
0 1
0 0
)
.
The even Clifford algebra Cl+(U) consists of the diagonal matrices, while Cl−(U)
consists of those matrices with 0 on the diagonal. The spinor norm Cl(U)× → Q×
is the determinant. Therefore Spin(U) ∼= Gm is the standard maximal torus of SL2.
The adjoint action of Spin(U) on H˜2X is trivial on the summand H
2
X , and we have(
λ 0
0 λ−1
)
v
(
λ−1 0
0 λ
)
= λ−2v,
(
λ 0
0 λ−1
)
w
(
λ−1 0
0 λ
)
= λ2w.
This implies that the subgroup Spin(U) ⊂ Spin(H˜2X , q˜) corresponds to the Lie subal-
gebra Q · θ of so(H˜2X , q˜). Finally, since Cl(H˜
2
X , q˜) = Cl(H
2
X , q)⊗Cl(U, q˜|U ), it is clear
that we have Spin(H2X , q) ∩ Spin(U) = {±1}.
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2.8. — The action of g(X) on H∗X integrates to a representation ρ˜ : G(X) →
GL(H∗X), which restricts to
ρ˜0 : G0(X)→
∏
j
GL(HjX).
We denote by ρ˜
(2)
0 : G0(X)→ GL(H
2
X) its degree 2 component.
In what follows, we identify G(X) with Spin(H˜2X , q˜) and G0(X) with CSpin(H
2
X , q)
via ϕ˜. If there is no risk of confusion, we simply write CSpin(H2X) for CSpin(H
2
X , q),
and similarly for other groups.
Remark 2.9. — Consider the element −1 ∈ CSpin(H2X) ⊂ Spin(H˜
2
X). It has been
shown by Verbitsky in [Ver95, §8] that for all j > 0 and any v ∈ HjX we have
ρ˜(−1)(v) = (−1)j . Combining this with Theorem 2.4, it follows that ρ˜ is faithful if X
has non-trivial cohomology in some odd degree, and that ρ˜ has kernel {±1} otherwise.
2.10. — The connected center of the algebraic group CSpin(H2X) is the subgroup
Gm of invertible scalars in the Clifford algebra, and we have short exact sequences of
algebraic groups
1 Gm CSpin(H
2
X) SO(H
2
X) 1
π
and
1 Spin(H2X) CSpin(H
2
X) Gm 1
Nm
such that for all z ∈ Gm ⊂ CSpin(H2X) we have Nm(z) = z
2.
In addition to the representation ρ˜0, we will consider a second, twisted, action
of CSpin(H2X) on H
∗
X , which we will refer to as the R-action. It is defined via the
homomorphism
R : CSpin(H2X)→
∏
j
GL(HjX)
given by R(g) = Nm(g)n · ρ˜0(g).
Lemma 2.11. — The R-action on H∗X is an action by graded algebra automor-
phisms.
Proof. — It has been shown in [LL97, (4.4)] that the semisimple part so(H2X) of
the Lie algebra of CSpin(H2X) acts on the cohomology algebra via derivations; it
follows that the subgroup Spin(H2X) acts on H
∗
X by graded algebra isomorphisms.
Moreover for any z ∈ Gm and y ∈ H
j
X we have ρ˜0(z)(y) = z
j−2n · y. Thus the factor
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Nm(z)n = z2n ensures that also the action of Gm ⊂ CSpin(H2X) on H
∗
X is by algebra
automorphisms. As CSpin(H2X) = Gm · Spin(H
2
X), this concludes the proof.
Remark 2.12. — The homomorphism
(Nm, π) : CSpin(H2X)→ Gm × SO(H
2
X)
is surjective with kernel {±1}. By Remark 2.9, the R-action on the even cohomology
factors through (Nm, π). If g ∈ CSpin(H2X), then the degree 2 component R
(2)(g) of
R(g) equals Nm(g) · π(g), while for ρ˜0(g) we have ρ˜
(2)
0 (g) = Nm(g)
1−n · π(g).
The combination of this observation with Theorem 2.4 implies that the natural
homomorphism R
(
G0(X)
)
→ R(2)
(
G0(X)
)
is an isomorphism if the odd cohomology
of X vanishes, and it has kernel {±1} otherwise.
2.13. — Given a Q-Hodge structure V , we let MT(V ) denote its Mumford–Tate
group. As a consequence of a result of Verbitsky [Ver96], the LLV-Lie algebra of a
hyper-Ka¨hler variety controls the Hodge structure on its cohomology.
Theorem 2.14 ([FFZ19, Lemma 6.7]). — The Mumford–Tate group MT(H∗X)
is contained in the image of the representation R : CSpin(H2X)→
∏
j GL(H
j
X).
We have the following consequence.
Proposition 2.15. — Let X1 and X2 be complex hyper-Ka¨hler varieties and let
F : H∗X1 → H
∗
X2
be an isomorphism of graded algebras. Assume that the degree 2
component F (2) : H2X1 → H
2
X2
is an isomorphism of Hodge structures. Then F is an
isomorphism of Hodge structures.
Proof. — Let S := ResCR(Gm) be the Deligne torus. The total Hodge structure onH
∗
Xi
corresponds to a real representation
hXi : S→
∏
j
GL(HjXi)⊗ R;
by definition, hXi factors through MT(H
∗
Xi
)(R). By Theorem 2.14 the group
MT(H∗Xi) is contained in the image of the representation R : G0(Xi)→
∏
j GL(H
j
Xi
).
By Lemma 2.5, the induced isomorphism F∗ : GL(H
∗
X1
) → GL(H∗X2 ) restricts to an
isomorphism g(X1) ∼= g(X2); since moreover F preserves the cohomological grading,
F∗ restricts to an isomorphism R
(
G0(X1)
)
∼= R
(
G0(X2)
)
.
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We have to prove that the diagram
S
R
(
G0(X1)
)
(R) R
(
G0(X2)
)
(R)
R(2)
(
G0(X1)
)
(R) R(2)
(
G0(X2)
)
(R)
hX1 hX2
pr1
F∗
pr2
F (2)∗
is commutative. By Remark 2.12, the morphism pr2 : R
(
G0(X2)
)
→ R(2)
(
G0(X2)
)
is
either an isomorphism or a central isogeny of degree 2; let C be the kernel. Since F (2)
is an isomorphism of Hodge structures, we have F
(2)
∗ ◦ pr1 ◦ hX1 = pr2 ◦ hX2 . Hence,
there is a morphism ξ : S → C such that F∗ ◦ hX1 = ξ · hX2 . But S is connected and
C is finite, so ξ is trivial and F is an isomorphism of Hodge structures.
3. Galois representations
3.1. — Throughout this section, ℓ will denote a fixed prime number. Let K ⊂ C
be a field that is finitely generated over Q, and let K¯ be the algebraic closure of K
in C. By a hyper-Ka¨hler variety over K we mean a smooth projective variety X over
K such that the base change XC is a complex hyper-Ka¨hler variety. For all integers
j and m, we have canonical comparison isomorphisms
Hje´t(XK¯ ,Qℓ)(m)
∼= Hj(XC,Q)(m)⊗Q Qℓ.
We let H∗X :=
⊕
j H
j(XC,Q) and adopt the notation from the previous section. We
define H∗X,ℓ :=
⊕
j H
j
e´t(XK¯ ,Qℓ). We will identify H
j
X,ℓ with H
j
X⊗QQℓ; the Beauville-
Bogomolov form extends to a non-degenerate Qℓ-valued bilinear pairing on H
2
X,ℓ.
There is a continuous representations
σX : Gal(K¯/K)→
∏
j
GL(HjX,ℓ).
We denote by G(H∗X,ℓ) ⊂ GL(H
∗
X,ℓ) the Zariski closure of the image of σX . The
group G(H∗X,ℓ) is not connected in general. The identity component G(H
∗
X,ℓ)
0 of
this group remains invariant under finitely generated field extensions of K. After
replacingK with a finite field extension Kˆ/K, the group G(H∗X,ℓ) becomes connected,
see [Moo17a, Remarks 2.2.2].
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3.2. — LetK ⊂ K¯ ⊂ C be as above. The Mumford–Tate conjecture aims to compare
the Hodge structure on H∗X with the Galois representation σX on H
∗
X,ℓ.
Conjecture 3.3 (Mumford–Tate conjecture). — For any smooth and projec-
tive variety X over K, the comparison isomorphism H∗X,ℓ
∼= H∗X ⊗ Qℓ induces an
isomorphism of connected algebraic groups
G(H∗X,ℓ)
0 ∼= MT(H∗X)⊗Q Qℓ.
Let us note that the version of the Mumford–Tate conjecture given here is stronger
than the one which says that under the comparison isomorphism HjX,ℓ
∼= H
j
X ⊗Q Qℓ
the group G(HjX,ℓ)
0 is identified with MT(HjX)⊗Qℓ for all j.
The Mumford–Tate conjecture does not depend on the base field, and it may even
be formulated for varieties over the complex numbers, see [Moo17b, §1.6].
3.4. — At present, four deformation types of complex hyper-Ka¨hler varieties are
known besides K3 surfaces, commonly referred to as the deformation types K3[n] and
Kumn ([Bea83]), for all n > 2, and O’Grady’s deformation types OG10 ([O’G99])
and OG6 ([O’G03]). Together with Lie Fu and Ziyu Zhang, we have proven the
Mumford–Tate conjecture for all hyper-Ka¨hler varieties of one of these types.
Theorem 3.5 ([FFZ19, Theorem 1.18]). — Let X be a hyper-Ka¨hler variety
over K. Assume that X is deformation equivalent to one of the known examples, that
is, XC is of deformation type K3
[n], Kumn, OG10 or OG6. Then the Mumford–Tate
Conjecture 3.3 holds for X.
The Mumford–Tate conjecture in degree 2 is known for arbitrary hyper-Ka¨hler
varieties X with b2(X) > 3 by [And96a]; see also [Moo17b].
3.6. — Let now K1, K2 be subfields of C, finitely generated over Q, and consider
hyper-Ka¨hler varieties X1, X2 over K1 and K2 respectively.
Definition 3.7. — We say that X1 and X2 are H
∗
ℓ -equivalent if there exists an
isomorphism of graded algebras H∗X1,ℓ
∼= H∗X2,ℓ which is an isometry in degree 2.
Note that if X1 and X2 are deformation equivalent then they are H
∗
ℓ -equivalent,
since in this case the manifoldsX1,C andX2,C are homeomorphic, and both the graded
algebra H∗Xi and the Beauville-Bogomolov form on H
2
Xi
only depend on the topology
of the complex manifold Xi,C.
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Proposition 3.8. — Let X1 and X2 be H
∗
ℓ -equivalent hyper-Ka¨hler varieties over
K1 and K2 respectively. Assume given a subgroup Γ ⊂ Gal(K¯1/K1) and a homomor-
phism ǫ : Γ→ Gal(K¯2/K2); we let Γ act on H∗X1,ℓ via σX1 and on H
∗
X2,ℓ
via ǫ ◦ σX2 .
If there exists an isometry f : H2X1,ℓ → H
2
X2,ℓ
which is Γ-equivariant, then there exists
an isomorphism F : H∗X1.ℓ → H
∗
X2,ℓ
of graded algebras whose degree 2 component is
again Γ-equivariant.
Proof. — Since X1 and X2 are H
∗
ℓ -equivalent, there exists an isomorphism of graded
algebras Ψ: H∗X1,ℓ → H
∗
X2,ℓ
which is an isometry in degree 2; let ψ = Ψ(2) be its
component in degree 2. We have ψ−1 ◦ f ∈ O(H2X1)(Qℓ). We may assume this
isometry has determinant 1, for if it has determinant −1 we can choose an ample line
bundle on X1 with first Chern class e ∈ H2X1,ℓ and replace f with the isometry given
by e 7→ −f(e) and v 7→ f(v) for any v ∈ 〈e〉⊥, which is again Γ-equivariant.
By Hilbert’s Theorem 90, the morphism π : CSpin(H2X1)→ SO(H
2
X1
) is surjective
on Qℓ-points, and hence there exists g ∈ CSpin(H2X1)(Qℓ) such that π(g) = ψ
−1 ◦ f .
By Lemma 2.11, R(g) is a graded algebra automorphism of H∗X1,ℓ. It follows that
F := Ψ◦R(g) : H∗X1,ℓ → H
∗
X2,ℓ
is an isomorphism of graded algebras. By Remark 2.12,
the degree 2 component F (2) of F is Nm(g) · f , and hence it is Γ-equivariant.
We can now prove Theorem 1.3, whose statement is recalled below.
Theorem 3.9. — Let K1,K2 be subfields of C, finitely generated over Q, and let Xi
be a hyper-Ka¨hler variety over Ki, for i = 1, 2. Assume that X1 and X2 are H
∗
ℓ -
equivalent and that the Mumford–Tate conjecture holds for both of them. Let Γ ⊂
Gal(K¯1/K1) be a subgroup, let ǫ : Γ → Gal(K¯2/K2) be a homomorphism and let
f : H2X1,ℓ → H
2
X2,ℓ
be a Γ-equivariant isometry. Then, there exist a subgroup Γ′ ⊂ Γ of
finite index and a Γ′-equivariant isomorphism of graded algebras F : H∗X1,ℓ → H
∗
X2,ℓ
.
Proof. — Replacing Ki by a finite field extension if necessary, we may assume that
G(H∗Xi,ℓ) is connected for i = 1, 2. Since the Mumford–Tate conjecture holds for Xi,
by Theorem 2.14 the representation σXi : Gal(K¯i/Ki)→ GL(H
∗
Xi,ℓ
) factors through
the Qℓ-points of the image of the LLV-representation R : G0(Xi)→
∏
j GL(H
j
Xi
).
Via Proposition 3.8 there exists an isomorphism of graded algebras F : H∗X1,ℓ →
H∗X2,ℓ whose degree 2 component F
(2) is Γ-equivariant. Now the argument is
the same as in the proof of Proposition 2.15. We consider the isomorphism
F∗ : GL(H
∗
X1,ℓ
)→ GL(H∗X2,ℓ) given by A 7→ FAF
−1, and the analogous isomorphism
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F
(2)
∗ : GL(H
2
X1,ℓ
) → GL(H2X2,ℓ). By Lemma 2.5 the isomorphism F∗ restricts to an
isomorphism R
(
G0(X1)
)
(Qℓ) ∼= R
(
G0(X2)
)
(Qℓ).
We consider the diagram
Γ
Gal(K¯1/K1) Gal(K¯2/K2)
R
(
G0(X1)
)
(Qℓ) R
(
G0(X2)
)
(Qℓ)
R(2)
(
G0(X1)
)
(Qℓ) R
(2)
(
G0(X2)
)
(Qℓ)
ǫ
σX1 σX2
pr1
F∗
pr2
F (2)∗
We have to show that, up to replacing Γ by a subgroup of finite index, this diagram
commutes.
Since F (2) is Γ-equivariant by assumption, we have F
(2)
∗ ◦ pr1 ◦ σX1 = pr2 ◦ σX2 ◦ ǫ.
By Remark 2.12, the homomorphism pr2 : R
(
G0(X2)
)
→ R(2)
(
G0(X2)
)
is either an
isomorphism or a central isogeny of degree 2; let C be its kernel. Then there exists a
homomorphism χ : Γ → C(Qℓ) such that F∗ ◦ σX1 (γ) = χ(γ) · σX2 (γ) for any γ ∈ Γ.
The kernel Γ′ ⊂ Γ of χ is a subgroup of finite index such that F is Γ′-equivariant.
Remark 3.10. — Note that in the above proof we have only used that G(H∗Xi,ℓ)
0 ⊂
MT(H∗Xi)(Qℓ), so we only need one of the two inclusions predicted by the Mumford–
Tate conjecture.
3.11. — We apply Theorem 3.9 to the study of Galois representations on the co-
homology of hyper-Ka¨hler varieties over finite fields. We will consider the following
situation. Let k be a finite field, and let Z1 and Z2 be smooth projective varieties
over k. We assume that there exist hyper-Ka¨hler varieties X1 and X2 over fields of
characteristic 0 which lift Z1 and Z2. More precisely, we assume that there exist:
– normal integral domains Ri ⊂ C essentially of finite type over Z with fraction
fields Ki of characteristic 0;
– smooth and projective morphisms Xi → Spec(Ri) whose generic fibres Xi are
hyper-Ka¨hler;
– homomorphismsRi → k together with isomorphismsXi⊗Rik ∼= Zi of k-schemes.
We let ℓ be a prime number invertible in k and consider H∗Zi,ℓ =
⊕
jH
j
e´t(Zi,k¯,Qℓ).
By the smooth and proper base-change theorems we have an isomorphism H∗Xi,ℓ
∼=
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H∗Zi,ℓ of graded algebras. Via this isomorphism, the Beauville-Bogomolov form in-
duces a non-degenerate symmetric bilinear form on H2Zi,ℓ.
Remark 3.12. — A priori, the bilinear form that we obtain on H2Zi,ℓ depends on
the choices of Ri and Xi. However, by [Fuj87, Remark 4.12], the formula
α 7→
∫
Xi
α2 ∧
√
td(Xi)
defines a non-degenerate quadratic form on H2Xi which is a non-zero multiple of the
Beauville-Bogomolov form. The induced form on H2Zi,ℓ is α 7→
∫
Zi
α2 ∧
√
td(Zi), and
it is thus independent from the choices of Ri and Xi.
We now prove Theorem 1.4.
Theorem 3.13. — With notations and assumptions as above, assume that X1
and X2 are H
∗
ℓ -equivalent, and that the Mumford–Tate conjecture holds for both of
them. Let f : H2Z1,ℓ → H
2
Z2,ℓ
be a Gal(k¯/k)-equivariant isometry. Then, there exist
a finite field extension k′ of k and a Gal(k¯/k′)-equivariant isomorphism of graded
algebras F : H∗Z1,ℓ → H
∗
Z2,ℓ
.
Proof. — Let |k| = pr, and let Frk ∈ Gal(k¯/k) be the Frobenius automorphism. With
notations as in §3.11, let mi ⊂ Ri be the kernel of Ri → k; let |Ri/mi| = pr/ai and
denote by φi ∈ Gal(K¯i/Ki) a Frobenius element at mi, for i = 1, 2.
By construction, we have isomorphisms 〈φaii 〉 = 〈Frk〉 (both isomorphic to Z)
such that the action of φai on H∗Zi,ℓ via the base-change isomorphism H
∗
Xi,ℓ
∼= H∗Zi,ℓ
corresponds to that of Frk.
Let now Γ = 〈φa11 〉 ⊂ Gal(K¯1/K) and let ǫ : Γ → Gal(K¯2/K2) be the homomor-
phism such that φa11 7→ φ
a2
2 . By Theorem 3.9, there exists an integer m and an
isomorphism H∗Z1,ℓ → H
∗
Z2,ℓ
of graded algebras which is Frmk -equivariant.
4. Motives
4.1. — Let K ⊂ C be a subfield. We will work with the category of motives over K
introduced by Andre´ in [And96b], which we denote by AMK . It is a neutral tannakian
semisimple abelian category, with functors
SmProjopK
Hj
−−→ AMK
r
−→ HSpolQ
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such that r ◦Hj is the functor Hj which associates to a variety X the rational Hodge
structure HjX . We denote by H
∗
X :=
⊕
jH
j
X the total motive of a variety X .
The composition of the realization functor r with the forgetful functor to Q-vector
spaces is a fibre functor on AMK ; the tensor automorphisms of this functor form a
pro-reductive group Gmot(AMK) over Q, and AMK is equivalent to the category of
finite dimensional Q-representations of Gmot(AMK).
We denote by 〈M〉 the tannakian subcategory of AMK generated by a motiveM.
Via restriction to 〈M〉 of the fibre functor described above, we obtain a reductive al-
gebraic group Gmot(M) ⊂ GL
(
r(M)
)
whose category of representations is equivalent
to 〈M〉; we have a canonical surjective homomorphism Gmot(AMK) → Gmot(M). If
M, N ∈ AMK , a linear isomorphism f : r(M) → r(N ) between their realizations
comes from an isomorphism of motives if and only if it is Gmot(AMK)-equivariant.
Remark 4.2. — If K ′ is any field extension of K, the group Gmot(MK′) is a sub-
group of finite index of Gmot(M), and there exists a finite field extension K† of K
such that for any extension K ′/K† we have Gmot(MK′) = Gmot(MK†), see [Moo17a,
§3.1]. In particular Gmot(MC) is a subgroup of finite index of Gmot(M).
4.3. — We will need to work with motives in families. For our purposes, it will
be sufficient to treat the case in which the base field is C. Let S be a non-singular
and connected complex quasi-projective variety. We will use the category AM/S of
motives over S defined in [FFZ19, Definition 2.7]. The category AM/S is a semisimple,
neutral tannakian, abelian category, and we have a realization functor r : AM/S →
VHSQ/S to the category of variations of Q-Hodge structures over S.
The prototype of an object of AM/S is given by the motive H∗X/S =
⊕
j H
j
X/S of
a smooth and proper morphism X→ S with projective fibres. For any s ∈ S the fibre
of H∗
X/S at s is the motive H
∗
Xs
of the fibre. The realization of the motive H∗X/S is the
variation of Hodge structures H∗
X/S over S. In general, an objectM/S ∈ AM/S is cut
out inside some H∗
X/S as above by a global section p of the local system End
(
r(M)/S
)
such that p ◦ p = p and ps is a motivated cycle for all s ∈ S.
This notion of motives over S is a slight generalization of the families of motives
studied in [And96b] and [Moo17a], where only projective families were considered.
Remark 4.4. — In general, the realizationM/S ofM/S ∈ AM/S is not polarizable
over the whole of S, but only over some open dense U ⊂ S. However M/S is an
algebraic family of Hodge structures in the sense of Deligne [Del71b, De´finition 4.2.4].
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4.5. — Let M/S ∈ AM/S and let M/S ∈ VHSQ/S be its realization. We denote
by Ms and Ms the fibre at s of M/S and M/S respectively. Then there are local
systems of algebraic groups over S
Gmono(M/S)
0
E MT(M/S) ⊂ Gmot(M/S) ⊂ GL(M/S),
where:
– Gmono(M/S)
0 is the connected monodromy group: for each s ∈ S the fibre
Gmono(M/S)
0
s is the identity component of the Zariski closure of the image of
the monodromy representation π1(S, s)→ GL(Ms);
– MT(M/S) is the generic Mumford–Tate group: for each s ∈ S we have an
inclusion MT(Ms) ⊂ MT(M/S)s, and equality holds for very general s, that is,
for s in the complement of a countable union of closed subvarieties of S;
– Gmot(Ms) is the generic motivic Galois group: for each s ∈ S we have an
inclusion Gmot(Ms) ⊂ Gmot(M/S)s, and equality holds for very general s.
The choice of any s ∈ S gives a fibre functor on AM/S, which associates to a motive
M/S the vector space r(M)s; the corresponding tannakian fundamental group of
〈M/S〉 ⊂ AM/S is the generic motivic Galois group Gmot(M/S)s at s. Similarly, we
obtain a fibre functor on VHSQ/S by sending the variation V/S to Vs, and MT(V/S)s
is the corresponding tannakian fundamental group of 〈V/S〉 ⊂ VHSQ/S.
Below is the key result needed to develop the above theory, which extends Andre´’s
deformation principle [And96b, The´ore`me 0.5] to this setting.
Theorem 4.6 ([FFZ19, Theorem 2.6]). — Let S be as above and let M/S be a
motive over S. Let M/S denote the realization of M/S and let ξ be a global section
of the local system M/S. If ξt ∈Mt is motivated for some point t ∈ S, then ξs ∈Ms
is motivated for all s ∈ S.
This result was obtained independently by Soldatenkov [Sol19a, Proposition 5.1].
4.7. — We now review some of the results on the Andre´ motives of hyper-Ka¨hler
varieties which we obtained in [FFZ19]. To any complex hyper-Ka¨hler variety X with
b2(X) > 3 we attached an algebraic group
P (X) ⊂ Gmot(HX),
called the defect group of X , that is defined as follows.
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If the odd cohomology of X is trivial, then P (X) is simply defined as the kernel of
the projection Gmot(H∗X)→ Gmot(H
2
X) corresponding to H
2
X ⊂ H
∗
X .
If instead X has non-trivial cohomology in some odd degree, we need to consider
the abelian variety A obtained from H2X via the Kuga-Satake construction ([Del71a]).
Then H1A belongs to the tannakian subcategory of motives generated by H
∗
X , and we
define P (X) as the kernel of the induced projection Gmot(H∗X)→ Gmot(H
1
A). Many
variants of the Kuga-Satake construction are possible, but the tannakian subcategory
generated by the motive H1A does not depend on choices, see [FFZ19, Appendix A].
Hence also P (X) does not depend on the precise choice of A, being defined as the
subgroup of Gmot(HX) acting trivially on 〈H1A〉.
By construction, P (X) acts on H∗X via graded algebra automorphisms and it acts
trivially on H2X . We summarize below the main properties of the defect group P (X).
Theorem 4.8 ([FFZ19, Lemma 6.8, Theorems 6.9 and 6.12])
Let X be a complex hyper-Ka¨hler variety with b2(X) > 3. Then:
(a) the action of P (X) on H∗X commutes with the LLV-Lie algebra g(X);
(b) we have Gmot(HX) = P (X)×MT(H∗X);
(c) if X→ S is a smooth and proper morphism to a non-singular connected variety S
with fibres projective hyper-Ka¨hler varieties with b2 > 3, then s 7→ P (Xs) defines
a local system of algebraic groups P (X/S) ⊂ GL(H∗
X/S) over S.
If X → S is a family as in (c), the decomposition in (b) spreads over S and gives
a decomposition at the level of local systems of algebraic groups
Gmot(H
∗
X/S) = P (X/S)×MT(H
∗
X/S).
For all s ∈ S, the inclusion of Gmot(H∗Xs) into Gmot(X/S)s is the direct product of
MT(H∗
Xs
) ⊂ MT(H∗
X/S)s and P (Xs) = P (X/S)s. Since the connected component
of the identity of the monodromy group is a subgroup of the generic Mumford–Tate
group of the family and the latter commutes with the defect group, the local system
P (X/S) becomes constant after a finite base change S′ → S.
Remark 4.9. — Conjecturally, the group P (X) is trivial for any hyper-Ka¨hler va-
riety X with b2 > 3. In fact, the triviality of the defect group is equivalent to the
conjecture which says that MT(H∗X) = Gmot(H
∗
X) (i.e. Hodge classes are motivated),
which would be a consequence of the Hodge conjecture.
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4.10. — With these preliminaries behind us we can proceed towards the proof of
Theorem 1.1. To start with, we will need a stronger version of the deformation
invariance of defect groups from Theorem 4.8.(c).
For any complex hyper-Ka¨hler variety X we have a canonical surjective homomor-
phism πX : Gmot(AMC)→ Gmot(H∗X). If b2(X) > 3 we also let
prX : Gmot(AMC)→ P (X)
be the composition of πX with the projection coming from the isomorphism
Gmot(H∗X) = P (X)×MT(H
∗
X). Via Tannaka duality, the projection prX corresponds
to the subcategory of 〈H∗X〉 of motives on which MT(H
∗
X) acts trivially, i.e. the
motives in 〈H∗X〉 with realization a direct sum of trivial Hodge structures Q(0).
Remark 4.11. — Composing πX with the other projection we obtain
pX : Gmot(AMC)→ MT(H
∗
X).
By the definition of the defect group this homomorphism corresponds via Tannaka
duality to the subcategory of AMC generated by H2X if the odd cohomology of X
is trivial, and to the subcategory of motives generated by H1A otherwise, where A is
the Kuga-Satake abelian variety associated to H2X . If b2(X) > 3, Andre´ proved in
[And96a] that the motive H2X is abelian, i.e. it belongs to the tannakian subcategory
AMabC of AMC generated by the motives of abelian varieties. Hence, in all cases the
homomorphism pX factors through Gmot(AMC) → Gmot(AM
ab
C ), where Gmot(AM
ab
C )
is the motivic Galois group of the tannakian category AMabC of abelian motives.
Proposition 4.12. — Let X → S be a smooth proper family of projective hyper-
Ka¨hler varieties with b2 > 3. Assume that the monodromy group Gmono(H
∗
X/S) is
connected. Let a, b be points in S. Choose a continous path γ from a to b and let
Ξ: P (Xa)→ P (Xb) be the isomorphism obtained via parallel transport along γ in the
local system P (X/S). Then Ξ does not depend on the choice of γ and the diagram
P (Xa)
Gmot(AMK)
P (Xb)
Ξ
pr
Xa
pr
Xb
is commutative.
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Proof. — Since the monodromy group is connected by assumption, the local system
P (X/S) is constant and Ξ does not depend on the choice of the path γ.
Consider any motive over S of the form
T /S := (H∗
X/S)
⊗t1 ⊗ (H∗
X/S)
∨,⊗t2 ⊗QS(t3) ∈ AM/S,
for integers t1, t2, t3. Let T/S be its realization. For any s ∈ S we let Ws ⊂ Ts be the
subspace of invariants for the generic Mumford–Tate group MT(T/S)s; this yields a
sub-variation of Hodge structures W/S ⊂ T/S. Moreover, as MT(T/S)s is normal in
Gmot(T /S)s, the variationW/S is the realization of a submotiveW/S ⊂ T /S over S.
The motive W/S is a constant motive over S. Indeed, let us denote by D the
motive Wb, and let D/S be the constant motive over S with fibre D; let D/S be the
realization of D/S. Then idb : Wb → Db is monodromy invariant and obviously an
isomorphism of motives. By Theorem 4.6 the morphism Ψ: Wa → Da obtained via
parallel transport of idb along γ is motivated, and thus it comes from an isomorphism
of motives Wa ∼= Wb. By construction, Ψ is the isomorphism Wa → Wb given by
parallel transport along γ in the local system W/S. Hence the induced isomorphism
Ψ∗ : GL(Wa)→ GL(Wb) fits into a commutative diagram
Gmot(Wa)
Gmot(AMC)
Gmot(Wb)
Ψ∗
Note that since the generic Mumford–Tate group acts trivially onWs by construction,
the group Gmot(Ws) is a quotient of the defect group P (Xs).
We now choose the tensor construction T/S in such a way that the action of
P (Xs) on the subspace Ws is faithful; in this case we have Gmot(Ws) = P (Xs)
for all points s ∈ S, and the homomorphism Gmot(AMC) → Gmot(Ws) is identi-
fied with prXs : Gmot(AMC) → P (Xs). Moreover, P (X/S) ⊂ GL(W/S) is a sub-local
system of algebraic groups, and therefore the isomorphism Ξ obtained via parallel
transport along γ in the local system P (X/S) is the restriction of the isomorphism
Ψ∗ : GL(Wa)→ GL(Wb) to P (Xa). This concludes the proof.
By Remark 4.2, Theorem 1.1 is equivalent to the following statement.
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Theorem 4.13. — Let X1 and X2 be deformation equivalent complex hyper-Ka¨hler
varieties with b2 > 3. Assume that f : H
2
X1
→ H2X2 is a Hodge isometry. Then there
exists an isomorphism of graded algebras F : H∗X1 → H
∗
X2
which is the realization of
an isomorphism of motives H∗X1 → H
∗
X2
.
Proof. — By [Sol19a, §6.2] there exist smooth and proper families Xi → Si with
projective fibres over non-singular connected curves Si, for i = 1, . . . , N , and points
ai, bi ∈ Si such that
– X1a1 = X1,
– for i = 1, . . . , N − 1, we have Xibi = X
i+1
ai+1 ,
– XNbN = X2.
We may and will assume that the monodromy groups Gmono(H
∗
Xi/Si
) are connected.
For each i, we choose a path γi in Si from ai to bi; we let Ψ: H
∗
X1
→ H∗X2 be
the isomorphism obtained as composition of the isomorphisms Ψi given by parallel
transport along γi. We denote by ψ := Ψ
(2) : H2X1 → H
2
X2
the isometry induced by Ψ.
Let f : H2X1 → H
2
X2
be a Hodge isometry. We construct the isomorphism of graded
algebras F : H∗X1 → H
∗
X2
as in the proof of Proposition 3.8: we may assume that
ψ−1 ◦ f ∈ SO(H2X1); by Hilbert’s Theorem 90 the morphism π : CSpin(H
2
X1
) →
SO(H2X1) is surjective on Q-points and there exists g ∈ CSpin(H
2
X1
)(Q) such that
π(g) = ψ−1 ◦ f . By Lemma 2.11, R(g) is a graded algebra automorphism of H∗X1 ,
and we define
F := Ψ ◦R(g) : H∗X1 → H
∗
X2 .
By Remark 2.12, the degree 2 component of F is a multiple of the Hodge isometry f ;
by Proposition 2.15, F is an isomorphism of Hodge structures.
We claim that F is the realization of an isomorphism of motives H∗X1 → H
∗
X2
. If
F∗ : GL(H
∗
X1
)→ GL(H∗X2) denotes the induced isomorphism, we have to prove that
F∗
(
Gmot(H∗X1 )
)
⊂ Gmot(H∗X2) and that the diagram
Gmot(H∗X1 )
Gmot(AMC)
Gmot(H∗X2 )
F∗
π1
π2
is commutative.
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By Theorem 4.8.(a), the automorphism R(g) of H∗X1 commutes with P (X1). Since
Ψ is the composition of parallel transport operators and the defect group is constant in
families, F∗ identifies P (X1) with P (X2), and the induced isomorphism F∗ : P (X1)→
P (X2) is the restriction to P (X1) of Ψ∗ : GL(H
∗
X1
)→ GL(H∗X2).
By Theorem 4.8.(b) we have Gmot(H∗Xi) = P (Xi) × MT(H
∗
Xi
). It follows that
F∗ identifies Gmot(H∗X1) with Gmot(H
∗
X2
), and that the induced isomorphism is the
direct product of Ψ∗ : P (X1) → P (X2) and F∗ : MT(H∗X1) → MT(H
∗
X2
). Hence it
suffices to show the commutativity of the two diagrams
P (X1) MT(H
∗
X1
)
Gmot(AMC) Gmot(AMC)
P (X2) MT(H
∗
X2
)
Ψ∗ F∗
pr1
pr2
p1
p2
The left triangle is commutative by repeated application of Proposition 4.12, since
the restriction of Ψ∗ to P (X1) is the composition of the isomorphisms Ξi obtained
via parallel transport along γi in the local system P (X
i/Si).
For the right one, we proceed as follows. By Remark 4.11, pi corresponds to the
inclusion of a subcategory of abelian motives; equivalently, for i = 1, 2, the homo-
morphism pi factors through Gmot(AMC)→ Gmot(AM
ab
C ). If we let HS
ab
Q ⊂ HS
pol
Q be
the tannakian subcategory generated by the Hodge structures of abelian varieties, we
haveMT (HSabQ ) = Gmot(AM
ab
C ), by [And96b, The´ore`me 0.6.4]. But now the diagram
MT(H∗X1)
Gmot(AM
ab
C ) =MT (HS
ab
Q )
MT(H∗X2)
F∗
p′1
p′2
is commutative, since F is an isomorphism of Hodge structures.
Finally, we prove Corollary 1.2 from the introduction.
Corollary 4.14. — Let K ⊂ C be a subfield which is finitely generated over Q, and
let X1, X2 be deformation equivalent hyper-Ka¨hler varieties over K with b2(Xi) > 3.
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Assume that f : H2X1,ℓ → H
2
X2,ℓ
is a Gal(K¯/K)-equivariant isometry. Then, there ex-
ist a finite field extension K ′/K and a Gal(K¯/K ′)-equivariant isomorphism of graded
algebras F : H∗X1,ℓ → H
∗
X2,ℓ
.
Proof. — By [And96a], the Mumford–Tate conjecture in degree 2 holds for X1 and
X2, and the motives H2X1 and H
2
X2
are abelian. Hence, there exists a finite extension
K ′ of K such that the isometry f is the realization of an isomorphism of motives
over K ′ with Qℓ-coefficients. The same argument as in the proof of Theorem 4.13
produces an isomorphism of graded algebras F : H∗X1,ℓ → H
∗
X2,ℓ
which, up to further
replacing K ′ with a finite extension, is the realization of an isomorphism of motives
over K ′ with Qℓ-coefficients. Hence, F is Gal(K¯/K
′)-equivariant.
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